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Article history: We present two adaptive control methods conceived to enable a vertical take-off and landing
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acting on the actuation dynamics of the system. Then, we present the design of a Lyapunov-based
adaptive control scheme aimed to compensate for undesired behavior of the LTV actuator dynamics,
according to which we derive the control and adaptation laws from a single Lyapunov candidate
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VTOL UAV function. Next, we propose a modular adaptive control scheme to address the same problem, but
Aerobatic maneuvers in which the adaptation law is specified separately from that of the controller. We use modern
Time-varying actuator dynamics nonlinear theory to deduce and analyze the conditions that guarantee the global asymptotic stability

of both adaptive control strategies. In order to exemplify the controller synthesis procedures, we
implemented both adaptive control methods on a quadrotor UAV to perform three different types
of aerobatic-flight maneuvers—namely, triple flips, Pugachev’s cobras, and mixed flips. The obtained
experimental results provide compelling evidence of the effectiveness of the two proposed methods
to compensate for the undesired effects induced by aerodynamic-coefficient and torque-latency
variations. Furthermore, the experimental data demonstrate that both adaptive schemes significantly
improve the flight performance of the quadrotor UAV during the execution of aerobatic maneuvers,
compared to those achieved with a controller that disregards the LTV actuator dynamics induced
by high-speed aerodynamic effects. The suitability of the time-varying approach used to model the
influence of high-speed local flow fields on the dynamics of the controlled UAV was indirectly validated
through data obtained during the aerobatic-flight experiments presented here.

© 2021 Published by Elsevier Ltd.

1. Introduction 2009; Lee, 2012); examples of this type of system are uncrewed
versions of the helicopter, the quadrotor, and the ducted-fan air-

In recent years, vertical take-off and landing (VTOL) uncrewed craft. However, despite their increasing popularity, artificial aerial
aerial vehicles (UAVs) have attracted significant research attention ~ vehicles are still outmatched by aerial animals regarding auton-
and been used in a wide range of applications, including field ~ omy and flight capabilities. Specifically, VTOL UAVs do not exhibit
surveillance, search and rescue, aerial filming, and agriculture ~ maneuver abilities comparable to those of natural flyers, which
spraying. The most salient characteristic of VTOL UAVs is that ~ can capture prey in flight, escape predators, and avoid obstacles
they are, typically, fully actuated in attitude motion and under- at extremely high velocities (Dudley, 2002). We believe that for

actuated in translational motion (Hua, Hamel, Morin, & Samson, ~ YTOLUAVs to achieve full autonomy, similar extreme flight capa-

bilities must be developed because these are required to accom-
_ plish missions and survive in real-life unstructured environments
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UAVs without translational velocity measurements is introduced
in Abdessameud and Tayebi (2010); a geometric method devised
to achieve quasi global position-tracking control of a quadrotor
UAV is presented and discussed in Lee, Leok, and McClamroch
(2010); and, an adaptive position controller designed to deal
with the loss-of-thrust situation caused by component failure is
presented in Dydek, Annaswamy, and Lavretsky (2013). How-
ever, none of those research efforts considered the problem of
controller synthesis for high-speed aerobatic flight; furthermore,
the only verifications of those control methods were obtained
through either simulations or simple experiments in which the
tested UAVs remained in a near-hovering state characterized by
small attitude-angle variations and slow angular velocities.'

On the other hand, many publications, which do not address
the theoretical complexities associated with high-speed aero-
dynamic phenomena, have presented experimentally-driven re-
search aimed at enlarging the flight envelope of VTOL UAVs
from steady hovering to aerobatic flight characterized by large
attitude-angle variations and high angular velocities.? For in-
stance, in the experiments presented in Lupashin and D’Andrea
(2012) and Mellinger, Michael, and Kumar (2012), quadrotor
UAVs were demonstrated to perform aerobatic maneuvers, such
as multi-flips and fast flights through tilted windows, employ-
ing an iterative learning control (ILC) strategy. However, stability
analyses of the closed-loop systems and proofs of convergence
of the learning parameters are not provided; therefore, it is
not entirely clear what conditions are required for those flight
controllers to function adequately. Additionally, ILC-based meth-
ods are not suitable to most real-life unpredictable scenarios in
which a controlled UAV does not have a second opportunity to
execute an aerobatic maneuver after a first attempt. In Chen and
Pérez-Arancibia (2016, 2017, 2020), we presented methods for
synthesizing controllers that enable high-speed aerobatic quadro-
tor flight (multi-flips in specific) and optimize the corresponding
tracking performance; the resulting controllers were validated
through both rigorous stability analyses and compelling exper-
imental results. However, in the research presented in those
articles, we did not consider the aerodynamic effects affecting the
system, which are magnified during extreme flight conditions,
as we assumed that the near-hovering flight assumption was
entirely valid.

The rapid translational and rotational motions required by a
controlled UAV to perform aerobatic flight drastically increase
the relative velocities, with respect to those experienced during
normal hovering flight, of the local incoming flows faced by
the propellers of the flyer.? This phenomenon inevitably affects
the actuation dynamics of the system because the aerodynamic
coefficients of the propellers and the latency of the control torque
become time-varying, as discussed in Chen and Pérez-Arancibia
(2018, 2019). In relation to this observation, it is important to
note that aerial animals exhibit remarkable flight abilities while
performing maneuvers in the presence of complex surrounding
flow fields. For example, the fruit fly (Drosophila melanogaster) is
able to perform a 90° banked turn in about 50 ms with a yaw
acceleration of as high as 10° °. s=2 (Fry, Sayaman, & Dickinson,
2003); the barn swallow (Hirundo rustica) has been recorded ex-
ecuting roll turns at rates of as high as 5 x 103°. s~! (Shyy, Lian,

1 The term small attitude angle indicates that the angle between the vertical
upward direction and the direction of the thrust force generated by the
controlled VTOL UAV is less than 90°; the term slow angular velocity indicates
that the magnitude of the controlled UAV’s velocity is less than 500°- s~

2 The term large attitude angle refers to an angle between the vertical upward
direction and the direction of the thrust force generated by the controlled
VTOL UAV that is larger than 90°; the term high angular velocity refers to a
velocity magnitude that is larger than 500°. s~

3 In this paper, we assume that the thrust force acting on the controlled
VTOL UAV is entirely generated by its rotating propellers.
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Tang, Viieru, & Liu, 2007); and, the magnificent hummingbird
(Eugenes fulgens) has been recorded performing escape maneu-
vers with a maximum roll rate of more than 4 x 10°°-s7! in
about 0.25 s (Cheng, et al., 2016). In fact, most aerial animals are
able to execute complex high-speed controlled aerobatic flights
without stalling in the air or crashing to the ground, which
clearly indicates that there still exists a performance gap between
artificial and natural flyers.

Consistent with biological observations, we believe that for
VTOL UAVs to acquire maneuver abilities comparable to those
exhibited by natural flyers, it is essential to develop methods
for synthesizing flight controllers that explicitly consider the
aerodynamic effects generated by high-speed time-varying sur-
rounding flow fields. Unfortunately, to date, most research on
dynamic modeling and control of VTOL UAVs has overly simpli-
fied or neglected the aerodynamic effects affecting the controlled
systems by assuming time-invariant flow fields, typically de-
scribed using constant aerodynamic coefficients (Bangura & Ma-
hony, 2012; Bristeau, Martin, Salaiin, & Petit, 2009; Mahony, Ku-
mar, & Corke, 2012). This approach is reasonable and sufficiently
accurate in the near-hovering flight case, characterized by slow
translational and rotational velocities with small attitude-angle
variations. However, the assumption that the aerodynamic coef-
ficients of the propellers are constant becomes highly improbable
in the aerobatic flight case. Furthermore, fluctuations of the load-
ing moments acting on the propellers, caused by high-speed
variations of the surrounding local flow fields and associated
aerodynamic parameters, can rapidly change the torque latency
and introduce another time-varying term into the actuator dy-
namics. To address these issues, in Chen and Pérez-Arancibia
(2018, 2019), we proposed a linear time-varying (LTV) actua-
tor model that explicitly accounts for the effects of complex
flow-field variations. Based on that model, we developed an adap-
tive control solution capable of compensating for undesirable
behavior produced by the time-varying dynamics of the mod-
eled actuators, thus significantly improving the empirical flight
performance of the controlled VTOL UAV compared to those
obtained with prior linear time-invariant (LTI) solutions. However,
we did not provide a rigorous stability analysis of the closed-loop
system. Similarly, in the research presented in Bisheban and Lee
(2021), a neural-network-based model was applied to describe
the external wind disturbances affecting a UAV during flight;
the corresponding experimental control results, nonetheless, do
not exhibit aerobatic flight performances comparable to those
reported in previous experimental papers (Lupashin & D’Andrea,
2012; Mellinger et al., 2012).

The main contribution of this article is the introduction of two
different adaptive control schemes developed to compensate for
the LTV actuator dynamics with unknown parameters that we
use to describe the time-varying aerodynamic effects affecting
a VTOL UAV during extreme aerobatic flight. Also, we provide
and discuss a mathematically-rigorous stability analysis of the
closed-loop adaptive systems. To begin, we introduce an LTV
model of torque to account for the aerodynamic variations af-
fecting the actuator dynamics of the controlled VTOL UAV. Then,
we present and discuss the processes of synthesis and analysis
of the two proposed adaptive control methods. We derived the
first method using Lyapunov’s nonlinear techniques, according to
which the synthesized control and adaptation laws are generated
from a single proto-Lyapunov function to guarantee the asymp-
totic stability of the closed-loop system. The second method, in-
spired by ideas in Krsti¢, Kanellakopoulos, and Kokotovi¢ (1995),
is based on a modular adaptive control scheme, according to
which the controller and adaptation laws are designed separately.
We conceived the two proposed adaptive schemes with the main
control objective of ensuring closed-loop stability while achieving
high flight performance.
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Because we expect the proposed controllers to drive VTOL
UAVs while executing aggressive aerobatic maneuvers in frac-
tions of a second, it is crucial to counteract the adverse effects
affecting the transient performance of the system even before
the adaptive parameters have converged. To test this capability,
we experimentally implemented both adaptive control schemes
on a quadrotor UAV to perform three different types of repre-
sentative maneuvers: triple-flips, Pugachev’s cobras, and mixed
flips. The empirical data univocally indicate a significant improve-
ment in flight-control performance in all the experimental cases,
compared to the results obtained with a high-performance LTI
controller that disregards the time-varying characteristic of the
actuator dynamics. Specifically, both adaptive control methods
drastically reduced undesired angular-velocity oscillations and
overshoots. Last, we compare the experimental control errors ob-
tained with the two proposed controllers, which achieve similar
performance values.

For clarity and completeness, we briefly state the research
contributions presented in this article relative to our prior pub-
lications. In the research presented in Chen and Pérez-Arancibia
(2016, 2017, 2020), we did not consider the aerodynamic effects
acting on the actuator dynamics of the controlled VTOL UAVs
during aerobatic flight and only used the nominal open-loop
dynamics for controller synthesis. Moreover, in the research pre-
sented in Chen and Pérez-Arancibia (2018, 2019), we did not
provide rigorous stability analyses of the resulting closed-loop
systems. In clear contrast with our previous work, the approach
introduced in this article explicitly consideres the high-speed
time-varying aerodynamic effects affecting the actuation of the
controlled VTOL UAVs when developing the two proposed meth-
ods for synthesizing adaptive controllers. Furthermore, here, we
present rigorous stability analyses and provide the conditions
that guarantee the global asymptotic stability of the closed-loop
systems.

2. Preliminaries
2.1. Notation

We denote scalars using regular lowercase or uppercase sym-
bols, e.g., a or ®; we denote vectors using bold lowercase sym-
bols, e.g., a; we denote matrices using bold uppercase symbols,
e.g., A; and, we denote quaternions using bar-crossed bold low-
ercase symbols, e.g., g. The symbol * denotes the quaternion
product, e.g., ¢ * p. The symbol > (or the nonstrict form >)
denotes a component-wise inequality between vectors and a
matrix inequality between Hermitian definite matrices. For a set
S, the interior of S is denoted by S, and the boundary of S is
denoted by dS. We write the difference between two sets as
A\ B={x:x € Aand x ¢ B}. The operator Ay {-} extracts the
minimum eigenvalue of a symmetric matrix; the operator |- |
computes the absolute value of a scalar; the operator |- |, com-
putes the Euclidean norm of a vector; the operator || - || computes
the Frobenius norm of a matrix; the operator tr{-} computes the
trace of a square matrix; the operator sgn{-} extracts the sign
of a real number; and, the symbol V denotes the del operator.
Last, we denote the set of real numbers using the symbol R, any
generic identity matrix with I, and time with t. In particular,
t = tp indicates the time at which a given aerobatic maneuver
starts.

2.2. A class of aerobatic maneuvers
The aerobatic maneuvers of the class considered in this pa-

per are defined by fast sequential rotations about a single axis
or multiple axes, during which the translational motion of the
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controlled VTOL UAV remains in free fall and open loop. The
rotation axes of the sequential subrotations used in an aero-
batic maneuver are defined by a sequence of k body-fixed unit
vectors sorted in the order of occurrence as {aq,a,...,a},
and the sequence of rotation angles for the corresponding sub-
rotations is denoted by {®, ®,, ..., ®;}. Furthermore, the se-
quence of maximum angular speeds of the corresponding subro-
tations is denoted by {®max.1, Pmax.2: - - - » Pmax.x}. Accordingly,
the angular-velocity reference w4 is composed of a sequence of k
signals {a)dJ, @42, ..., wd,k}, sorted in order of occurrence. We
formalize these ideas through a definition.

Definition 1. The aerobatic maneuvers for VTOL UAVs of the
generic class considered in this paper start from an initial atti-
tude corresponding to a thrust force with a direction that points
vertically upward and end at a final state with exactly the same
attitude as that of the initial state. In the most generic case,
a maneuver is composed of a sequence of subrotations. Dur-
ing each subrotation, the vehicle rotates about the correspond-
ing body-fixed axis a@;, thus accumulating an additional rota-
tion angle ®;, without surpassing the maximum rotation speed
Dmaxi, for i € {1, 2, ..., k}. The reference signal for each subro-
tation, wq (t), for i € {1,2,...,k}, starts and ends at zero. The
complete angular-velocity reference expressed in the body-fixed
frame defined in Section 3, wq(t), is chosen to be continuously
differentiable.

From Definition 1, it follows that ftltf[’ |@a,i(t)|, dt = ®;, where
ti; and t; are the initial and final times of the subrotation i,
and maxe(q 1 {|@ai(t)],}] = Pmax.i. The translational motion
is assumed to be the free-fall state because the direction of the
thrust force changes extremely fast? between the upward and
downward orientations, and gravity is assumed to be the only
external force acting on the UAV. Translational drift on the hori-
zontal plane may exist but remains bounded due to the extremely
short duration of the maneuver.

2.3. The aerobatic-maneuver process

The entire process of an aerobatic maneuver can be divided
into three phases: climb, maneuver execution (ME); and descent
and restabilization (DR). At the start, the controlled UAV hovers
at a preset position. After receiving the command to perform the
maneuver, the UAV starts climbing a preset distance to reach an
initial upward speed, which helps to reduce the descending speed
at the end of the maneuver. Subsequently, the vehicle enters
the ME phase and executes the maneuver while its translational
motion stays in the pure free-fall state. After the maneuver is
completed, the direction of the thrust force generated by the pro-
pellers returns to the upward orientation, and the vehicle resta-
bilizes its attitude to hover and stop descending. More details
regarding this process can be found in Chen and Pérez-Arancibia
(2020). During the climb and DR phases, the VTOL UAV stays
at a near-hovering attitude state, which can be regulated using
simple control laws. Consistently, here, we focus on the synthesis
of controllers for the ME phase. The stability and performance
analyses of the controller while switching between phases can
be found in Chen and Pérez-Arancibia (2020).

3. Problem statement
3.1. Dynamics of a VTOL UAV with LTV actuation

An example of a VTOL UAV, a 28-g quadrotor aircraft, is shown
in Fig. 1. In this case, the arbitrarily-chosen inertial frame of

4 During a maneuver, which is completed in less than 1s, a controlled UAV
produces angular speeds with values greater than 1000° - s~
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Fig. 1. A quadrotor UAV and frames of reference. Here, N' = {0y, ny, n,, n3}
denotes the inertial frame, B = {0, b1, b, b3} denotes the body-fixed frame,
and r is the position of the UAV’s center of mass relative to the origin Oy.

reference is denoted by N = {0y, ny, n,, n3} and the body-fixed
frame of reference, with its origin located at the flyer’s center
of mass, is denoted by B = {0z, b, b,, b3}. The globally-defined
nonlinear dynamics of the system, including an LTV actuation
dynamics, is represented as

mit = —mgns + fibs, (1)
q= %q *D, (2)
Jo=—-oxJo+r1, (3)
T = —a(t)T + b(t)u, (4)

where m is the mass of the vehicle; J = diag {ji1,j22, j33} is the
moment of inertia matrix, written with respect to B; r denotes
the displacement of the UAV’s center of mass from the origin of
N; fr is the magnitude of the total thrust force generated by the
UAV; g is the quaternion that represents the attitude of B with

respect to A; p = [0 wT]T; ® = [w; w; w3]" is the angular
velocity of the UAV with respect to A with its components
expressed in B; T = [1; 1o 13]" is the torque generated by the

propellers of the UAV; and, u = [u; u, us]” is the control signal.
The aerodynamic effects affecting the actuator dynamics are
described using (4), where the unknown time-varying parameters
a(t) and b(t) represent the effects of time variations of torque
latency and the aerodynamic coefficients of the propellers, re-
spectively. By applying momentum theory analyses (Leishman,
2006) and considering experimental observations (Chen & Pérez-
Arancibia, 2019), the coefficients a(t) and b(t) are modeled as

a(t) = ¥r1 + Yoni(wa) + Yana(in) = 07¢, (5)
b(t) = Yra + ¥sni(wa) + Yena(s) = 65¢, (6)
where 0, = [y ¥, ¥3]" and @, = [ ¥4 ¥s ¥g]" are vectors

with unknown constant parameters; w, is the angular speed
about the rotation axis used in a given aerobatic maneuver; and,

¢ =1 n1(wa) ma(@a)]", with

W, N

Mm(w;) = ———=, ——
V140 2w? V140,202

where o7 and o, are real positive constants. It is straightforward
to see that —oqy < n1(w,) < o1 and —oy < Na(wa) < oo, for all
w, and w,. Additionally, we enforce that a(t) > amin > 0 and
b(t) > bpin > 0, with amnin, bmin € R.

Overall, the model given by (4) is a simplification of the
complex dynamic interactions of the UAV’s propellers with the
surrounding air flow that are generated during aerobatic flight.
Consequently, this modeling approach is useful for controller

(7)

na(wa) =
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synthesis while, to a significant extent, also allows us to cap-
ture the behavior of the aerodynamic effects influencing the
controlled UAV. However, it is not expected to accurately de-
scribe the actual aerodynamic phenomena associated with the
considered aerobatic flight problem.

3.2. Attitude-error kinematics

We define the ideal body frame, Z, as the desired rigid attitude
kinematics required to follow the angular-velocity reference and
that is initiated with zero attitude error. Accordingly,

. 1 _ . _ 1T
9= 54*D with p=[0 @g] , (8)

where g4 describes the attitude of Z. Since the desired angular
velocity wq is expressed in B, not Z, we use the ideal angular
velocity @q to specify (8), which has exactly the same components
as wq but is expressed in Z. Consistent with the quaternion-based
description of the UAV’s kinematics, the attitude control error is
represented using the quaternion g., which stores the informa-
tion about the attitude difference between B and Z, and is given
by

— e
qe=qd1*4=[e‘l’] 9)

Note that the vector part of g., e, and the scalar part of g, e,
contain the information about the Euler axis and rotation angle
required to reach Z from B. Here, we denote this rotation angle
by ©®., which by definition is always nonnegative and satisfies
the quaternion identity ey = cos % Last in this section, taking
the time derivative of (9) along the trajectories of (2) and (8), we

obtain that
—el[@ — @q]

. [e]_ 1
ge_[él}_Z[eo[w—&)d]+e1><[w+@d]] 1o

3.3. Control objectives

The main control objective is to compel the attitude and ve-
locity dynamics of the controlled UAV, specified by (2) and (3), to
track Z and the angular-velocity reference @4 in the presence of
the LTV actuator dynamics in (4) with the unknown time-varying
parameters defined by (5) and (6). Due to the extremely short du-
ration of an aerobatic maneuver (normally, less than one second)
and its fast angular speed (with values as high as 2 x 103°. s71),
it is more important to control the faster dynamics specified by
(3) than the slower dynamics specified by (2). Consistently, the
control objectives to be satisfied during an aerobatic maneuver
are mathematically specified as

e The signals , 7 € L.
e lime,(t) = lim [w(t) — wq(t)] = 0.
t—o00 t—o00

e O, remains bounded during aerobatic flight.

For details about the definition of L, see loannou and Fidan
(2006).

4. Controller design and stability analysis

We present two different adaptive control methods to achieve
the control objectives. The first method is a Lyapunov-based
adaptive scheme, for which both the controller and adaptation
law are derived using a single Lyapunov candidate function. The
second method is a modular adaptive scheme, for which the
controller and adaptation law are designed separately.
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4.1. Lyapunov-based adaptive control

The chosen desired angular-velocity dynamics is given by
Jwg + wq x Jwg = T4, Where 74 is the nominal torque required to
achieve the desired dynamic behavior and wq = [wd,l 4,2 wd,g]T
is the angular-velocity reference. For consistency and simplic-
ity, w4, T4 € Loo and, additionally, wq satisfies the requirements
in Definition 1. By defining f(w) = @ x Jw and using its Taylor
expansion, it can be shown that

f(@) = f(wq) + Dy(wq)e, + 8(t, w), (11)

e e, =w—wq; and, g(t, w) is the
W=wq

high-order nonlmear re51due of the expansion and has the com-

pact form g(t, ) = h(e,) = e, x Je,. Then, by subtracting the

desired angular-velocity dynamics from (3), we obtain that
Jeé, + Df(wg)e, + h(e,) = T — 74. (12)

The method discussed in this section requires the definition
of a virtual torque input for (3). For this purpose, we utilize the
LTI controller in Chen and Pérez-Arancibia (2017, 2020), which
was designed using the nominal dynamics of the controlled UAV
without considering the time-varying actuation dynamics of the
system. This LTI controller has the form

where Df(wq) =

Ta:—Klew+v+Td, (13)
b = —rv+Kae,, (14)

where K; and K, are diagonal positive-definite matrices that
satisfy the condition that AK; > K,, for 0 <reR The esti-
mated vector parameters are denoted by 01 and 02, and the
estimation errors are defined as 01 =0, — 01 and 02 =0, — 02
The proto-Lyapunov function used for controller synthesis is
selected to be

Ir 1r 1 T
Vi= Eew]ew + ;v Qv+ 5[1’ — 72 Qo[ — 7]
1~ =~ 1~ =~ (13)
+ 0G0+ SO,K; B,

where Q;, Q,, Kj , and Kj are diagonal positive-definite matri-
ces. Then, by taking the time derivative of V; along the trajecto-
ries specified by (12) and (14), and substituting the virtual control
input defined by (13) into the result, we obtain

. e
W =—[e vT]G(t)[ ;;} tel o]
+ [ — 7] Qy[—a(t)r + b(t)u — 1,] (16)
0 K0, —0 K6
- U4 61 1Yy 52 2
where
6(6) K1+ 3 [Df(ws) + Df(wa)] - 3 [I+K}QT]
—3 1+ QK;] Q4
(17)
It is immediately clear that one of the closed-loop stability condi-
tions is that G(t) > 0, for all t > ty. In Chen and Pérez-Arancibia
(2020), we show that G(t) remains in a convex hull defined by
two constant symmetric matrices, G; and G,. Therein, we also
show that the condition that G(t) > 0 is equivalent to satisfy-
ing that G; > 0 and G, > 0. Finding parameters K1, K, and A
that enforce the conditions G; > 0 and G, > 0 is a semidefi-
nite programming problem that can always be solved (Boyd &
Vandenberghe, 2004).
The control input u is chosen to have the form
Q,'e, —Ks[r—17,]], (18)

=b~'(t)[at)r + 7, —
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where K3 is a diagonal positive-definite gain matrix; B(t) is an
estimation of b(t) with the form b = Uy + 1/75n1(wa) + I/Afeflz(d)ax
and, a(t) is an estimation of the parameter a(t) with the form
&=, + vym(wa) + \&i’gZ(d’a)' The estimation errors are cl$fined
asa(t) = a(t) — a(t) = 6,(¢)5(t) and b(t) = b(t) — b(t) = 6,()5(t).
Then, by substituting the control input specified by (18) into (16),
we obtain that

Vi=—[e, v']6(0) [ S } —lr 7] QK [t - 7

v

~T

-0, [{[t—ra]T er+1(61151] (19)
+ 5; [; [T —7.]" Qu— Kéz]éz:| .

The estimates a(t) and b(t) must satisfy that a(t) > dmpn and
b(t) > bmip, for the real positive constants dmiy and bpyi,. To
enforce these conditions, the parameters {/;, Vi,, V3. Yig. Vs, Y5}
are set to be bounded according to the rules

—y3 < Y5 < 73,
(20)

-5 = 'ﬁs =¥ —V6= lﬁs = V6,
(21)

Ymin,1 < V1 < Ymax,1, —V2 < ¥y < 2,

Ymin,4 < W4 =< ¥Ymax, 4,

where, Vmin,1, Ymax.1» ¥2» ¥3» Vmind4» Ymax.4» V5, and yg are real
positive constants; the relationships ymin.1 — 0172 — 02¥3 > min
and Ymina — 01Ys — 02¥6 > bmin must also be satisfied. In
this case, we apply the parameter projection algorithm (loannou
& Fidan, 2006; Ioannou & Sun, 2012) to ensure that 6#; and
0, generate the conditions specified by (20) and (21). Accord-
ingly, two convex sets are defined, S; = {6; € R® | g;(61)=< 0}
and S, = {52 & |g2(§2)§ 0}, where

& (é]) _ (21/;1 — Ymin,1 — Vmax,l) <1/;2) <1[f3> -1
¥Ymax,1 — Vmin, 1 Y2 V3 ’

(22)

R 2 T . _ 2n 2o\2n 2o\2n
2 (02) _ < Y4 — Vmin4 Vmax,4> n <$) T <$> _1,
Ymax,4 — Vmin,4 Vs Ve

(23)

and n can be chosen to be any positive integer. R
Consistently, the resulting adaptation laws used to compute 6,
and 6, are specified by

El,ifé1 € &, orif 8, € 8s; and Veglg, <0;

=

Vg1 Ve] . 24
& —Kj, Ve, vlg] &, otherwise. (24)
&, ifd, € &, orif b, € s, and Vgle, <0;
02: V& ng ; (25)
& —Kj, Vel v &, otherwise.

The variables used in the computation of the projections are
defined as & = —Kj ¢[v — 7,]'Q,7 and &, = Kj, ¢t — 7,]7Q,u.

Note that when 8; = &, and 6, = &,, V; is negative definite, with
the form

Vi = —[e "] G(0) [ o ] —lt—nl" K3t —7].  (26)

Thus, considering that V; is positive definite and Vl < 0, it follows
that V; € L, which implies that e, v, and [T — T,] € L. Also,
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integrating both sides of (26), we obtain that

min {Amin {(G(£)}} / (lewl3 + 1v13) dr

) (27)
i (@) / I = za dr < Vi(to) — Va(oo).

fo

Because V;(ty) and V;(o0) are bounded, we can also conclude that
e,, v, and [t — 7,] € L, and from (4), (12), (13), (14), and (18),
it follows that ,, 9, and [t — 7,] € L. Furthermore, using Bar-
balat’s lemma, we can prove that e,, v, and [t — t,] converge
to zero asymptotically, which guarantees the stability of the
closed-loop adaptive system. R

Lastly in this section, when the parameters 6; € 3S; with
Vgi& > 0and 6, € 39S, with Vg; &, > 0, it can be shown that

€»

i=-[e vT]G(t)[ ) ] — 7 -7l QK [T — 7]

~r Vg, Vgl -1 Vg,Vgl

— = 40, —=—&,, (28)
'VelK; Ve, T Vg K; Ve,

~T ~T
which, considering that #, Vg, < 0 and 0, Vg, < 0, implies that

Vi < —[e, o] G(r) [ b ] —lt-nl" QKs[r—7l,  (29)
and, as a consequence, that V, < 0. Then, using Barbalat’s lemma
one more time, it can be shown that e,, v, and [t — 7,] con-
verge to zero asymptotically. Therefore, we conclude that the
controller specified by (18), with the adaptation laws given by
(24) and (25), generates a stable closed-loop angular-velocity
error dynamics and the tracking error e, globally converges to

zero asymptotically.
4.2. Modular adaptive control

The adaptation law that we used to define the Lyapunov-based
adaptive scheme is constrained by the structure of the associated
Lyapunov function. To remove this limitation, we propose a mod-
ular adaptive control scheme in which the adaptation law can be
designed independently from the controller synthesis process. In
this case, the first step is to synthesize a controller that guaran-
tees that the closed-loop system is input-to-state stable (ISS) from
the multivariable estimation error to the system state.

As explained in Sections 3.1 and 4.1, the open-loop system can
be described as

.’ew +Df(wd)ea) + h(ew) =T— 14, (30)
7 = —a(t)T + b(t)u. (31)

Next, we define a proto-Lyapunov function with the form

17 1. 1 T
V) = Ee“’]e“’ + 5? Qv+ E[T — 7] Qs[Tt — 7al, (32)

where Q; > 0and Q; = gsI > 0. Then, by taking the time deriva-
tive of V, along the trajectories specified by (30) and (31), and
substituting the virtual torque given by (13) and (14) into the
result, we obtain

V, =—[e] vT]G(t)[eI‘;’ ] +e, [t — 7.

(33)
+ [r— 7l Qs [~a(t)T + b(t)u — 7,] .
Furthermore, we define the control input to be
N b(t
u=hb"(t)¢+ sen (b)) [—rtTQ3 [T — 1.l
bmin (34)

— b 09" [ -l .
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where

¢ =a(t)t+ 17, — K4t — 7,] (35)
and K, is a diagonal positive-definite matrix. Then, noting that
lf’(—t_) > 1, defining z = 7 — t,, substituting the control input

specified by (34) into (33), and defining x = [e], v" zT]T, we
arrive at

- : r a() Y
Vo, <—=& H(t)x— T Q3Z+T
o\ @0 Bo
R a
_ b71 t T _ N ,
(()¢Q32 2)+4+4
and consequently, we further deduce that
. a(t) bt
V, < —x"H(t)x+ 2 ) + ( ), (37)
4 4
where
—1p,
G(t) 243x3
H(t) = O3 |: (38)
—1I33 03,3 ‘ UELE

a(t) = a(t) — a(t); and, b(t) = b(t) — b(t).

It is clear that one of the stability conditions is that H(t) > O,
for all t > ty. Also, similarly to the case of G(t), given the proper-
ties of H(t), it can be shown that H(t) remains in a convex hull
defined by two constant matrices. Therefore, for given matrices
Q; and Q3, and the signal wq(t), the problem of finding the
controller parameters K1, K, K4, and A to satisfy the condition
that H(t) > 0 is a semidefinite programming problem that can
always be solved.

Proposition 1. Given matrices Q; > 0, Q3 > 0, and H(t) > 0, for
all t > to, the system specified by (30) and (31), with the control
input in (34), is ISS with respect to {a(t), b(t)}, for all t > t,.

Proof. See Appendix A.1. O

The conditions stated in Proposition 1 ensure that the system
state, {e,, v, z}, remains bounded provided that the estimation
errors d(t) and b(t) remain bounded. Additionally, from (5) and
(6), it is straightforward to see that a(t) and b(t) are bounded
as long as 6(t) and 60,(t) remain bounded. Next, we design the
adaptation law for the control scheme. First, we substitute the
control input specified by (34) into (4), which yields

z = A, (t)z + WT(t)8(t), (39)
where
i=[a 8] (40)
A, = —[K4 n b Sgbn{b} q3 [TTT + B_2¢¢T]:|; (41)
wl = |:—r§T [Lz{é} kE [—ttT — 1372¢¢T]z + Bl¢]I;T:| .
(42)

It is straightforward to see that A,(t) is exponentially stable®

because K4 is positive definite and 285 [z¢7 1 h-2¢¢"] is
R min

positive semidefinite as long as b(t) is guaranteed to remain

positive using parameter projection.

5 This means that there exists a positive-definite symmetric matrix R such
that RA,(t) + AL(t)R < 0, for all ¢ > to.
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Then, applying the nonlinear swapping lemma (Krsti¢ et al.,
1995) to rearrange (39), we obtain the filters
I'"=ar1"+Ww", (43)
fo=Ap+ WG, (44)

~ AT AT T
where 0 = [01 02] . In this way, using (39), (43), and (44), we
derive the static linear parametric model

z+p=TIT0+5¢, (45)

where & is governed by the dynamics € = A,&, which implies
that € decays to zero exponentially fast and & € £,,NL; because
A, is exponentially stable. Then, putting everything together, we
obtain an expression for the prediction error, &, with the form

I'0+& —-T"0=I"0+5=2z+u—TI"6 =e. (46)

Since the estimation error ¢ is linear in #, we can use any gradient
algorithm or the least-squares method to estimate 6. In this
case, we use the recursive least-squares (RLS) algorithm as stated
in Ioannou and Sun (2012). Namely,

A . . I'e
0 = Proj{o} = PrOJ{Pm} , (47)
prrip ; .
. BP — Tl ITPT)’ if IP|lg < Pmax; (48)
0, otherwise.

The parameters 8, v, and P,y are real positive constants, and
Proj{ -} denotes the projection operator in Krsti¢ et al. (1995)
given by

0. ifedyorvglo<o0;
Proj {0} = 5 VemVen 49
j {o} [1 e Vg;kagm] o, (49)
if 6 € Sps \ Sm and Vgle > 0.
Here, the matrix K, is positive definite, c(8) = min{1, 8*1gm(0A)},
Sm=1{0 €R® | gn(0) <0}, Sms = {0 € R | gn(8) < 8}, and

~ 2 ~\2 ~\2
gm(é):(zlh — Vmin, 1 _Vmax.1>n+ <%)n+<%>n
¥Ymax,1 — Vmin, 1 Y2 V3

h 2n ~o\2n ~o\2n
Qs — Y 4 —
n ( Y4 — Vmin,4 Vmax,4> i <Ws> n <1/f5> _1,
Ymax,4 — Vmin,4 V5 Y6
(50)

where n can be any positive integer and § is a real positive
parameter.

In the following proposition, we summarize the properties of
the RLS-based adaptation law with parameter projection.

Proposition 2. Assume matrices Q; > 0, Q5 > 0, and H(t) > O,
for all t > to; a control input with the form in (34); and, the
adaptation laws in (47) and (48). Then, the system specified by (30)
and (31) is guaranteed to satisfy that

. 0~ € Lo
ecandd € Lo N L.
e e, v,and z € L.
Proof. See Appendix A2. O
Last in this section, we state additional mathematical proper-

ties of the closed-loop system in the form of another proposition.

Proposition 3. All the signals associated with the closed-loop adap-
tive system consisting of the open-loop plant specified by (30) and
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(31), the controller in (34), the filters in (43) and (44), and the adap-
tation laws in (47) and (48) are globally uniformly bounded provided
that the parameters K, K, K4, Q, Q5, and A, and the reference
signal wq(t) are chosen such that the conditions Q; > 0, Q3 > 0,
and H(t) > O, for all t > ty, are satisfied. Moreover, lim z(t) =0,

t—
[lim v(t) = 0, and global asymptotic tracking is achieve(;.o Namely,
—00

Jim eo(t) = lim [w(t) — wq(t)] = 0. (51)

Proof. See Appendix A.3. O
4.3. Attitude analysis

In this section, we show that the attitude error remains
bounded during the execution of an aerobatic maneuver con-
trolled with either of the two proposed adaptive schemes. As
stated in Section 3.2, ®,. denotes the rotation angle about the
corresponding Euler axis to reach Z from B. Here, the Euler
axis of rotation is specified using the coordinate unit vector a.,
which has its components expressed in both B and Z. Thus,

from basic quaternion algebra, we know that ey = cos % and

e; = —sin % - @e, Which, using (10), allows us to conclude that

e . © 1 . O 1 -

Sin— = —sin— - a, [®@ —®q] . 52
> 5 =3Sin— & [ dl (52)
Hence, under the assumption that ®. # 0, we obtain the rela-

tionship
Oc = —a] [0 — @q] = —ale,, (53)
in which we use the property that the vectors wq and @q have

the same components. Next, recalling that |a.|, = 1, directly from
(53), it follows that

Ge < |Oc| < leal; - (54)

Furthermore, integrating both sides of (54), we obtain that
t
0ut) = Oulto)+ [ leu(a) do, (55)
to

where tg < t < t; and tp and t; denote the start and end
times of the aerobatic maneuver, respectively. Here, ®.(tp) is the
attitude-angle error at the start of the maneuver, which can be
regulated to zero during the climb phase described in Section 2.3
using a simple LTI controller because in this condition the attitude
of the UAV remains near the hovering state.

Note that for a finite ®(tp), it follows directly from (55) that
the attitude error, ®¢(t), remains bounded during an aerobatic
maneuver because e,(t) was proven to remain bounded and
converge to zero asymptotically as t — oo. In other words, the
dynamics of the attitude error does not have a finite escape
time. This conclusion is extremely relevant because, considering
that the total duration of a maneuver in the class studied in
this paper is normally less than one second, it is important
to ensure that ©c(tf) is bounded and sufficiently small such
that the vehicle can restabilize its attitude and stop its rapid
descent during the DR phase. This analytical finding is consis-
tent with experimental observations (see Section5), according
to which both proposed adaptive control schemes produce very
small final attitude errors ®¢(tf) because the angular-velocity os-
cillations and overshoot caused by undesired aerodynamic effects
are effectively counteracted by the controllers. Consistent with
this notion, we quantify controller performance during aerobatic
flight using the performance figure of merit (PFM)

i

A= [ st o, (56)
to

which is also an upper bound for the attitude control error.

Clearly, a smaller A represents a better performance.
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4.4. Summary statements on the proposed control schemes

In Sections 4.1 and 4.2, we proposed two different adaptive
control schemes capable of compensating for undesired aerody-
namic effects. The first method is Lyapunov-based. In this case,
the controller, specified by (18), and adaptation laws, given by
(24) and (25), were derived from a single proto-Lyapunov func-
tion. The second method is modular. In this case, the control
input, given by (34), was designed such that the ISS property is
guaranteed, and the adaptation laws, given by (47) and (48), were
derived separately from the controller, using the static linear
parametric model specified by (45). Consistent with this modular
approach, there exist other potential adaptation laws for the same
parametric model.

5. Experimental results
5.1. Experimental platform

The quadrotor UAV used in the experiments presented here
is the Crazyflie 2.0° shown in Fig. 1, which weighs 28 g including
the battery, has a propeller-tip-to-propeller-tip distance of 14 cm,
and exhibits a maximum thrust-to-weight ratio of 1.9. During the
execution of an aerobatic maneuver, this quadrotor operates com-
pletely autonomously. Further details about the UAV platform
and experimental setup can be found in Chen and Pérez-Arancibia
(2016, 2017).

5.2. Maneuvers implemented experimentally

We implemented both the Lyapunov-based and modular adap-
tive controllers on the quadrotor platform to perform three differ-
ent types of aerobatic flights: a triple-flip maneuver, a Pugachev’s
cobra, and a mixed-flip maneuver. Additionally, the linear con-
troller specified by (13), which disregards the LTV actuator dy-
namics of the system, was implemented experimentally for the
purpose of comparison. The triple-flip maneuver is defined as a
1080 ° rotation about the by axis with a maximum angular speed
of 1800°- s—!; the Pugachev’s cobra is defined as a 180 ° rotation
about the b; axis, followed by a 180° rotation in the opposite
direction with a maximum angular speed of 1000°-s~'; and,
the mixed-flip maneuver is defined as a sequence of rotations
according to which the UAV rotates 140° about the b, axis first,
then 180 ° about the b, axis, and finally 40 ° about the —b; axis in
order to return to a hovering state, while operating at a maximum
angular speed of 1000°- s~!. Each of these three maneuvers is
performed in less than one second and, as a consequence, the high
angular speed required for its execution induces the generation of
significant and complex local airflow fields around the propellers
of the controlled UAV platform.

5.3. Torque estimation and implementation of the adaptive schemes

Directly from (3), the torques acting on the UAV are esti-
mated using the relationship T = J® + @ x Jw, where the angu-
lar acceleration, @, is calculated using the nonlinear derivative
method in Levant (2003), which is based on the utilization of
the measured angular velocity . The quadrotor UAV used in
the experiments has a miniaturized size and, therefore, limited
onboard computational resources. For this reason, to reduce the
real-time computational cost and increase the sample-and-hold
frequency of execution of the control loops, the projection algo-
rithms used to implement both adaptive methods were simpli-
fied to become component-wise saturations, as already discussed

6 https://store.bitcraze.io/products/crazyflie-2-0.
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Fig. 2. Triple flips executed using three different controllers. (a) Exper-
imental data obtained using the linear controller specified by (13). The
corresponding PFM is A = 0.9391rad. (b) Experimental data obtained using the
Lyapunov-based adaptive controller specified by (18). The corresponding PFM
is A = 0.6397rad. (c) Experimental data obtained using the modular adaptive
controller specified by (34). The corresponding PFM is A = 0.6286 rad. Since, in
these three cases, wq2(t) = wq 3(t) = 0, for all t, these signals are not plotted.

in Chen and Pérez-Arancibia (2018). Additionally, to avoid satu-
ration of the propeller motors, the algorithms that compute the
control signals in both adaptive methods, respectively specified
by (18) and (34), were implemented only on the axis that tracks
the nonzero-reference signals and the linear controller given by
(13) was implemented on the other two axes that track the
zero-reference signals. This approach is reasonable because the
axes that track zero-reference signals encounter negligible un-
desired effects induced by time-varying aerodynamic coefficients
and torque latency.

5.4. Experimental results

During the flight experiments, the three aerobatic maneu-
vers described in Section5.2 were performed employing the
Lyapunov-based and modular-based adaptive control schemes
presented in Section4, and also the linear controller specified
by (13), which was implemented for comparison purposes. The
experimental results corresponding to the three different ma-
neuvers, obtained with the three different controllers, are shown
in Figs.2, 3, and 4, respectively. In all three maneuver cases,
it is clear that the aerobatic performance obtained with the
linear controller reflects the inability of this method to counter-
act noticeable angular-velocity oscillations and significant over-
shoot, which we believe are caused by unmodeled time-varying
actuator dynamics resulting from aerodynamic-coefficient and
torque-latency variations. This linear controller was designed
using the nominal dynamics of the system only, according to the
method in Chen and Pérez-Arancibia (2020), without considering
the LTV model of the actuator presented in Section 3.

In contrast with the results obtained using the LTI controller,
in all three maneuver cases, the aerobatic performance achieved
with both adaptive controllers reflect their ability to significantly
counteract undesired angular-velocity oscillations and overshoot.
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Fig. 3. Experimental Pugachev’s cobras executed using three different con-
trollers. (a) Data obtained using the linear controller specified by (13).
The corresponding PFM is A = 0.7413rad. (b) Data obtained using the
Lyapunov-based adaptive controller specified by (18). The corresponding PFM
is A =0.4625rad. (c) Data obtained using the modular adaptive controller

specified by (34). The corresponding PFM is A = 0.4888 rad. Since, in these three
cases, wq2(t) = wq 3(t) =0, for all t, these signals are not plotted.

Quantitatively, the Lyapunov-based adaptive scheme reduced the
PFM values, A, corresponding to the maneuvers in Figs. 2, 3, and
4, with respect to those obtained with the linear controller by
31.88%, 37.61%, and 40.63 %, respectively. Similarly, the modular
adaptive scheme reduced the PFM values corresponding to the
three studied maneuvers by 33.06%, 34.06%, and 39.81%, re-
spectively. These results also provide indirect evidence about the
correctness and accuracy of the LTV model introduced to describe
undesired aerodynamic effects affecting the actuator dynamics
of the controlled UAV. Video footage that shows experimental
results obtained using both proposed adaptive control schemes
during the execution of the three different aerobatic maneu-
vers discussed above can be seen in the supplementary movie
accompanying this paper.

Clearly, the aerobatic-performance results obtained with both
adaptive control schemes are similar to each other. However,
there exist many differences from the implementation perspec-
tive. In particular, the Lyapunov-based controller is significantly
more efficient than the modular controller from the numerical
perspective because it requires the definition of a fewer num-
ber of variables and the computational complexity is signifi-
cantly lower. On the other hand, the modular scheme is flexible
enough to be implemented with different adaptation laws for
different experimental situations while the adaptation law of the
Lyapunov-based method is fixed. Last, to test and demonstrate
the performance robustness of the proposed adaptive schemes,
we selected two flight experiments during which the tested UAV
was controlled to perform several consecutive aerobatic maneu-
vers. Specifically, Fig. 5(a) shows that the tested quadrotor UAV is
able to continually perform eleven consecutive Pugachev’s cobra
maneuvers without crashing or stalling until its battery is entirely
discharged, when controlled using the Lyapunov-based scheme.
Similarly, Fig.5(b) shows that the tested quadrotor UAV is able
to continually perform twelve consecutive mixed-flip maneuvers
without crashing or stalling until its battery is entirely discharged,
when controlled using the modular scheme.
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Fig. 4. Experimental mixed flips executed using three different controllers.
(a) Data obtained using the linear controller specified by (13). The corresponding
PFM is A = 1.1497 rad. (b) Data obtained using the Lyapunov-based adaptive
controller specified by (18). The corresponding PFM is A = 0.6826 rad. (c) Data
obtained using the modular adaptive controller specified by (34). The corre-
sponding PFM is A = 0.6920rad. Since, in these three cases, wq 3(t) = 0, for all
t, this signal is not plotted.

6. Conclusions

We presented two different adaptive control schemes to en-
able a VTOL UAV to perform aerobatic maneuvers defined by
extremely high angular and translational velocities, which gen-
erate complex interactions of the vehicle with the surround-
ing flow fields. First, we introduced an LTV model to describe
the actuator dynamics of the system, which explicitly accounts
for undesirable effects produced by aerodynamic-coefficient and
torque-latency time-variations caused by the high speeds asso-
ciated with rapid aerobatic maneuvers. Then, we presented a
Lyapunov-based adaptive control scheme, which was developed
to explicitly compensate for the negative effects generated by
time-varying actuator dynamics. Next, to add flexibility regard-
ing the adaptation law of the control scheme, we introduced a
modular adaptive approach, which was experimentally demon-
strated to achieve a flight performance similar to that obtained
with the Lyapunov-based method. Furthermore, both proposed
adaptive control methods were theoretically proven to stabilize
the closed-loop system globally. Last, we presented data, obtained
through three representative aerobatic-flight experiments, that
compellingly demonstrate the effectiveness and robustness of
the two proposed adaptive control methods. These experimental
data also indirectly provide evidence about the correctness and
accuracy of the LTV model introduced to describe the actuator
dynamics of the system.

Appendix. Proofs of the propositions
A.1. Proof of Proposition 1
From (37), it immediately follows that
Vo == (1= bl — (aia i — 3 (@ +5)). (A)

where Ay = rtmtn Amin {H(t)} > 0; and 0 < ¢y < 1. Itis straightfor-
=ty

ward to see that V, < 0 whenever |x|, > 46;% (@ + b*). Hence,
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Fig. 5. Consecutive aerobatic maneuvers. (a) Data corresponding to eleven
consecutive Pugachev’s cobras executed using the Lyapunov-based adaptive
controller specified by (18). (b) Data corresponding to twelve consecutive mixed
flips executed using the modular adaptive controller specified by (34).

from Theorem C.2 in Krstic¢ et al. (1995) and the Claim on Page 441
of Sontag (1989), the proposition follows immediately.

A.2. Proof of Proposition 2

In this case, we ﬁrst define the candidate Lyapunov function
Vs=0P'¢ 15
instance when P ;é 0. To continue, we take the time derivative of
V3 and use the property that —0~TP_1Proj(g) < —6TP_]Q (Krsti¢
et al,, 1995, Lemma E.1) to obtain that

e T&, where Co = Amin {K3}, and consider the

6'T[-26+174]

V<——0P10 §Te. A.2
= T oufrer) P (A-2)
Then, by substituting I'"6 = & — & into (A.2), we get that
. ele ST
V3<——— B P9. A3
= T ivafrer) 7 (A-3)
On the other hand, when P = 0, we have that
—2fe —¢&1T o
< e eT] € _iTs
1+vt{I"'Pr}
2
T
< ee d &l (A4)

1+vtr{I'PT} 1+vtr{I"PI)

—eTe
< -
" 1+vu{r'rrj

Therefore, considering that P~ is] positive definite, it follows that
0 €., and (1+ vtr{FTPF})ffa € L,. Then, the boundedness

of @ implies that a and be Loo. Also, directly from Proposition 1,
it follows that e,,, v, and z € L; and, consequently, that W and

I' € L. Furthermore, using the inequality
foo| 2dt < |1+ vur{T7PT}| /oo el
€ < v —_— < 00,
o ®Jiy 1+vtr{ITPT}
. (A5)

it can be shown that ¢ € £,. Similarly, we can prove that b Lo
by recalling that the pI‘O_]ECthH algorithm in (47) satisfies that
Proj(e)" K ;' Proj(e) < o"K ' e, for all 0 € Smj (Krstic et al.,, 1995),

€ € Ly, and TrouITPT] is bounded. Last, considering the previous

developments in this appendix, (47), and that & = I +&,we
conclude that & and § € Loo-
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A.3. Proof of Proposition 3

From expressions (37) and (A.1), it immediately follows that
x|, < max{|x(to)], . o Ah (@ +b?)}. Also, it can be shown that

P+ b < (1 +o2+ az)max[|01|2 + |0~2|z} in which the term
maxl|0~1}z + |§2|2} is bounded by a uniform constant because

6 is bounded. Next, by using LemmaF.4 in Krsti¢ et al. (1995),
we conclude that z — I'" € 5. Also, it follows that I''8 € £,
because I'' = & — &, in which both € and & € £,. Therefore,
Z € £,. Additionally, z € £, because the terms on the right side
of (39) satisfy that W' and A;z € L. Thus, from Barbalat’s
lemma, we conclude that z — 0 as t — oo. Furthermore, by
simply using the strictly passive property of the input-to-output
system from z to e, and v, we can show that e, and v € £;. In
this case, we prove this property using the Lyapunov function
V, = —eT TJe, + vTQ1v. First, we take the time derivative of V,
and obtam that

Vi < —2g(lewl + [vf3) + bz

IA

(AG)

IA

—ag 03 — (1 —c1)hg lewl3 + |z|3,

4C1)\.g
where A, = mln Amin{G(t)} and 0 < ¢; < 1. Last, integrating both
sides of (A. 6) we get that

o0
,\gf |v|§da+(1—cl)kg/ le, |3 do
£ t
0 OOO (A7)
< Vato) — Va(oo) + / 122 do.
to

4C] )\,g

Now, by noticing that z € £, and V4(o0) is bounded because e,
and v are bounded, we conclude from (A.6) that e, and v € £,.
Additionally, using (14) and (30), it can be shown that e, and
¥ € L. Thus, by directly applying Barbalat’s lemma, we conclude
that e, and v — 0 as t — oo.

Appendix B. Supplementary data

Supplementary material related to this article can be found
online at https://doi.org/10.1016/j.automatica.2021.109922.
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